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Bbinyknble 060/104KH

Hartanbs BonpapeHko

CapatoBcKuii rocyiapCTBEHHbIM YHUBEPCUTET




Bbinykioi 060/104KOM 3aaHHOr0 MHOXECTBA TOHYEK Ha3blBaeTcs
HauMeHblLEee BbIMyK/I0e MHOXXECTBO, COAepiKalliee 3ajaHHoe
MHO>eCTBO.




Boinyknas obonouxka 2D




Anroputm [>kapBuca, UK «3aBopayuBaHWE MopapKa»

|} HaleM camylo IEBYIO TOYKY Po

| Ha ware /, BbibMpaeM TOUKY p;i1 TakuM 06pa3om, 4Tobbl BCe TOUKM
OKasa/lMcb cneBa OT NPSIMOMN P;pP;+1

p2
pl

BbiuncnntenbHas cnoxHocTb anroputma O(nh), rae n — KONMYeCTBO
3afjaHHbIX TO4EK, a I — KOJIMYECTBO BEPLLUMH BbIMYK/IOH 06OMOUKH.
O(n?) B xynwem cnyuae.



O6xop MNpaxema

@ BbibepeM camylo NieBylo TOUKY pg

EF OTCOPTHUPYEM TOYKHU P1,P2, ..., Pp_1 NO BO3PACTAHUIO YI/OB,
obpasyeMbix C OCbl0 X OTPE3KaMH, COEAHHAIOLMMH UX C Pg

B [06aBUM TOUKY pq K Bbinykiok obonouke

@ Ha KaXXAoM Luare onpepnesisieM, «neBbli» WU «NpaBbli» NMOBOPOT
MMeeT nepexof OT OTpe3Ka Mexay APYMS NociefHUMU
006aBNEHHbIMK TOYKAMM BbiMyK/10# 000/I04KM K HOBOM TOUKe B
OTCOPTUPOBAHHOM MOC/NEL0BATE/IbHOCTH

"left turn"

p4 B

"right turn"




H €C/I1 «/eBblt NnoBOPOT», }J,06aBJ'IﬂeM TOYKY K BbII'IyKJ'IOI:I obonouke

@ eCNv «NpaBblii MOBOPOT», yAansieM NOCAeAHIO TOUKY W3 BbiMyK/IOM
060M10UKM U AenaeM Tak A0 Tex Nnop, NoKa Mexay NocaefHWMM
[BYMSl TOUKaMM BbINyK/IOM 06OIOUKM U HOBOM TOUKOWM COXpaHseTcs
«MnpaBblii NOBOPOT», 3aTeM [06aB/iSEM HOBYIO TOUKY K BbiMyKJ/IOM
obonouke

po

pl




H €C/I1 «/eBblt NnoBOPOT», }J,06aBJ'IﬂeM TOYKY K BbII'IyKJ'IOI:I obonouke

@ eCNv «NpaBblii MOBOPOT», yAansieM NOCAeAHIO TOUKY W3 BbiMyK/IOM
060M10UKM U AenaeM Tak A0 Tex Nnop, NoKa Mexay NocaefHWMM
[BYMSl TOUKaMM BbINyK/IOM 06OIOUKM U HOBOM TOUKOWM COXpaHseTcs
«MnpaBblii NOBOPOT», 3aTeM [06aB/iSEM HOBYIO TOUKY K BbiMyKJ/IOM
obonouke

po

pl

BbluncautenbHas cnoxxHocte O(nlogn) us-3a coptupoeku. OcTasbHble
wary anropuTMa BbInosiHsloTCs 3a Bpemst O(n).




Letanu peanusauuu

B €C/I1 eCTb coBnagakolime TO4HKHU, UX HYXXHO yaa/IuTb




Letanu peanusauuu

B €C/Ih eCTb coBnajarwome To4KHu, Ux Hy)KHO y,D,aJ'IHTb
B He 3abyabTe 0bpaboTaTh BbIPOXKAEHHbIE CAydYaW, KOrAa BbinyKias
obonouka npeactasnger cobol TOUKY MU OTPE30oK




Letanu peanusauuu

B €C/Ih eCTb coBnajarwome To4KHu, Ux Hy)KHO y,D,aJ'IHTb

B He 3abyabTe 0bpaboTaTh BbIPOXKAEHHbIE CAydYaW, KOrAa BbinyKias
obonouka npeactasnger cobol TOUKY MU OTPE30oK

B HYXXHO WNIW He HY>KHO BKJIIoYaTbh TOYKM, NieXkallue Ha pebpax
BbINYK/0M 060104KK?




Letanu peanusauuu

B €C/Ih eCTb coBnajarwome To4KHu, Ux Hy)KHO y,D,aJ'IHTb

B He 3abyabTe 0bpaboTaTh BbIPOXKAEHHbIE CAydYaW, KOrAa BbinyKias
obonouka npeactasnger cobol TOUKY MU OTPE30oK

B HYXXHO WNIW He HY>KHO BKJIIoYaTbh TOYKM, NieXkallue Ha pebpax
BbINYK/0M 060104KK?

H ONA CpaBHEHUA NOJIAPHbIX YrnoB sydlle BCero Ucnosb3oBaTtb
BEKTOpPHOE npouv3seneHue




Letanu peanusauuu

B eC/IM eCTb COBMafaloLLUe TOUKHU, UX HYXKHO yOoaiuTb

B He 3abyabTe 0bpaboTaTh BbIPOXKAEHHbIE CAydYaW, KOrAa BbinyKias
obonouka npeactasnger cobol TOUKY MU OTPE30oK

B HYXXHO WNIW He HY>KHO BKJIIoYaTbh TOYKM, NieXkallue Ha pebpax
BbINYK/0M 060104KK?

B 015 CPaBHEHWUS MOMSPHbBIX YINOB Nyylle BCEro WCMosb30BaTh
BEKTOpPHOE NpoMu3BefeHHe

B NOMHUTE BCerpa, 4bsBOM B JeTansix




«Pasgensai v Bnacteyi»

H OTCOPTMPYEM TOYKM MO KoopAuHaTe X W pasfesiuM UX Ha [Be
paBHble YacTU BEPTHUKAJIbHOM MPSIMOM

| NOCTPOUM BbINyKAYo 060/104KY Ans 06eux HacTer peKypCHBHO

H HaWgem «MOoCTbI»




«Pasgensai v Bnacteyi»

H OTCOPTMPYEM TOYKM MO KoopAuHaTe X W pasfesiuM UX Ha [Be
paBHble YacTU BEPTHUKAJIbHOM MPSIMOM

| MOCTPOUM BbIMYKYIO 060/0UKY AN 00enx yacTel peKypCUBHO
H HaWgem «MOoCTbI»

BbluncnutenbHas cnoxxHocte O(nlogn).



MuHUMaNbHaa BblUMCAUTENbHAS C/IOXKHOCTb

PaccmoTpuM Touku Ha napabone, 3agaHHble B MPOU3BOSIBHOM MOPAAKE.

B paHHOM cniyuae 3agadya nocTpoeHus BbIMyK0H 060N0HKH
3KBUBaJIEHTHa 3ajiade COPTUPOBKM, MO3TOMY HauMeHblUee BpeMs, 3a
KoTopoe oHa MoxeT 6biTb peweHa — O(nlogn).




MuHUMaNbHaa BblUMCAUTENbHAS C/IOXKHOCTb

PaccmoTpuM Touku Ha napabone, 3agaHHble B MPOU3BOSIBHOM MOPAAKE.

B pgaHHOM ciyuae 3ajaya NOCTPOEHHMA BbiMyK/0# 0O0I0UKH
3KBMBANIEHTHA 3ajiade COPTUPOBKM, MO3TOMY HaWMeHbllee BpeMms, 3a
KoTopoe oHa MoxeT ObiTb peweHa — O(nlogn). B HekoTopbix cnyvasx
MOXXHO yMeHbwHTb Bpems go O(n), ecnn UCnosb3oBaTb COPTUPOBKY

noacyeTomM UK €CZik TOYKU OTCOPTUPOBaAHbI U3HAYaJIbHO.




MuHUMaNbHaa BblUMCAUTENbHAS C/IOXKHOCTb

PaCCMOTpMM TOYKH Ha napa6one, 3aaHHble B NMPOW3BOJZIbHOM MNMopsAgKe.

B pgaHHOM ciyuae 3ajaya NOCTPOEHHMA BbiMyK/0# 0O0I0UKH
3KBMBANIEHTHA 3ajiade COPTUPOBKM, MO3TOMY HaWMeHbllee BpeMms, 3a
KoTopoe oHa MoxeT ObiTb peweHa — O(nlogn). B HekoTopbix cnyvasx
MOXXHO yMeHbwHTb Bpems go O(n), ecnn UCnosb3oBaTb COPTUPOBKY
NOACHETOM WM €C/IU TOUKM OTCOPTUPOBAHbI U3HAYASNBHO.

CyLecTBYIOT anropuTMbl, BbIYMC/IMTENIbHASA C/IOXKHOCTb KOTOPbIX 3aBUCHT
Kak OT pa3Mepa BXOJHbIX AaHHbIX, TaK U OT pa3Mepa BbIXOAHbIX AaHHbIX
(output-sensitive algorithms). C nomolpbio TakMx anropuTMOB NOCTPOWUTH
BbINyKJIyto 060s0uky 3a O(nlog h).




Anroputm Kupknatpuka-3engens

Kirkpatrick, David G.; Seidel, Raimund (1986). The ultimate planar
convex hull algorithm. SIAM Journal on Computing 15 (1): 287-299.

OH HanoMuHaeT anropuT™m «pasfensi 1 BnacTeyi». OcHoBHas vaes:
«marriage-before-conquest» («xeHuTbba fo 3aBoeBaHuA»). CHadana 3a
O(n) HaxomATCsA «MOCTbI», NOTOM LENaeTCsi PEKYPCHs.




Anroputm Kupknatpuka-3engens

Mpeanonoxum, Mbl yMeeM HaxoauTb MocTbl 3a Bpems O(n).
H HaligeM camylo IEBYIO U CaMylo MpaBylo TOYKH
H| OTAENbHO NOCTPOUM BEPXHIOID W HUXKHIOIO YacTH 0B00UKM
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Anroputm Kupknatpuka-3engens

Mpeanonoxum, Mbl yMeeM HaxoauTb MocTbl 3a Bpems O(n).
H HaligeM camylo IEBYIO U CaMylo MpaBylo TOYKH
H| OTAENbHO NOCTPOUM BEPXHIOID W HUXKHIOIO YacTH 0B00UKM

B 4TOObI NOCTPOMTh BEPXHIOIO YacTb, HAWAEM Cpeau ToUeK MeauaHy
Nno KOOpAMHAaTe X W MPOBEeAEM Yepe3 Hee BEPTUKA/IbHYIO NPSMYLO
@ Halgem «MOCT» 4epe3 3Ty NpsAMylo




Anroputm Kupknatpuka-3engens

Mpeanonoxum, Mbl yMeeM HaxoauTb MocTbl 3a Bpems O(n).
H HaligeM camylo IEBYIO U CaMylo MpaBylo TOYKH
H| OTAENbHO NOCTPOUM BEPXHIOID W HUXKHIOIO YacTH 0B00UKM

B 4TOObI NOCTPOMTh BEPXHIOIO YacTb, HAWAEM Cpeau ToUeK MeauaHy
Nno KOOpAMHAaTe X W MPOBEeAEM Yepe3 Hee BEPTUKA/IbHYIO NPSMYLO

@ Halgem «MOCT» 4epe3 3Ty NpsAMylo

H YAaJIMM TOYKHK NOA, «MOCTOM» WU MOCTPOMM JIEBYIO W NpaBylo 4acTu
BEPXHEM YacTh 06OMIOUKH PEKYPCHUBHO




Anroputm Kupknatpuka-3engens

m Ha /-M ypoBHe pekypcuu Gymet 2 nopsapau

H KaXX[ad noa3apgadya UMeeT pasMep He 6onee %

m obuiee KOJMYeCTBO Nog3afady He NpeBoCXoauT h
B XyALWWR cnydai: nonHoe GuHapHoe nepeBo BbICOTbl log A.

O6uwas BblMMCAHTENbHAS CNOXHOCTL anroputma O(nlog h).




Anroputm Kupknatpuka-3engens

Kak HawTth mocT?

0 Pa3obbeM TOUKW Ha Mmapbl, NYCTb X1 < X B KaXKAOW nape




Anroputm Kupknatpuka-3engens

Kak HawTth mocT?

0 Pa3obbeM TOUKW Ha Mmapbl, NYCTb X1 < X B KaXKAOW nape

H €CNn X1 = X, UCKJIIOYHUM TOYKY C MeHbLUEN KOOp,D,HHaTOﬁ Yy




Anroputm Kupknatpuka-3engens

Kak Ha#Th mocT?
@ pa3obbeM TOUKM Ha Napbl, NYCTb X1 < X B KaX[oW nape
H} €C/U X1 = X2, UCKJIIOYUM TOUKY C MEHbLUIEH KOOPAUHATOMU Yy
B L4115 OCTa/ibHbIX Nap MOCYMTAEM HaKJIOHbI:

K — Yy1— Y2
X1 — X2




Anroputm Kupknatpuka-3engens

Kak HawTth mocT?
@ pa3obbeM TOUKM Ha Napbl, NYCTb X1 < X B KaX[oW nape
H} €C/U X1 = X2, UCKJIIOYUM TOUKY C MEHbLUIEH KOOPAUHATOMU Yy

H 415 OCTa/lbHbIX Map NocYUTaeM HaKJ/OHbI:
Yy1— Y2

k= —"——""=
X1 — X

@ Haigem mMeguaHy K MHOXeCTBa HaK/IOHOB k




Anroputm Kupknatpuka-3engens

Kak Ha#Th mocT?
@ pa3obbeM TOUKM Ha Napbl, NYCTb X1 < X B KaX[oW nape
H} €C/U X1 = X2, UCKJIIOYUM TOUKY C MEHbLUIEH KOOPAUHATOMU Yy
B L4115 OCTa/ibHbIX Nap MOCYMTAEM HaKJIOHbI:

K — Yy1— Y2
X1 — X2

@ Haigem mMeguaHy K MHOXeCTBa HaK/IOHOB k

B NpOoBeAeM MpsiMble C HaKoHOM K 4Yepes BCe TOUYKH, Bbibepem
BEPXHIOIO U3 HUX



Anroputm Kupknatpuka-3engens

Kak HawTth mocT?

@ pa3obbeM TOUKM Ha Napbl, NYCTb X1 < X B KaX[oW nape
H} €C/U X1 = X2, UCKJIIOYUM TOUKY C MEHbLUIEH KOOPAUHATOMU Yy
B L4115 OCTa/ibHbIX Nap MOCYMTAEM HaKJIOHbI:

K — Yy1— Y2
X1 — X2

@ Haigem mMeguaHy K MHOXeCTBa HaK/IOHOB k

B NpOoBeAeM MpsiMble C HaKoHOM K 4Yepes BCe TOUYKH, Bbibepem
BEPXHIOIO U3 HUX

@ NPOBEPUM, COLEPXKUT JIK 3Ta NpaMaa MOCT



Anroputm Kupknatpuka-3engens

Kak HawTth mocT?

pa306beM TOUKM Ha napbl, NYCTb X1 < Xy B KaXOOW nape
€C/IM X1 = X2, UCKJIIOYUM TOUKY C MeHbLLUEN KOOPAHUHATOMN Y
LONS OCTa/IbHbIX Nap MNOCYMTAEM HaKJIOHbI:

Yy1— Y2

k =
X1 — X

HangeMm MeauvaHy K MHOXXeCTBa HaKJ/IOHOB K

NpoBeLeM MpsiMble C HakNoHOM K uepe3 BCce TOYKH, Bbibepem
BEPXHIOIO U3 HUX

npoBEepPHUM, COOEPXKHUT JIU 3Ta NpAMasd MOCT

MHa4ye MOXXHO UCK/IIOYUTb U3 paCCMOTpPEHUA % 4acCTb TO4YeK



Anroputm Kupknatpuka-3engens




Anroputm Kupknatpuka-3engens




Anroputm YaHa

[Dpyroit anroputm 3a O(nlog h).
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[Dpyroit anroputm 3a O(nlog h).
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Anroputm YaHa

[Dpyroit anroputm 3a O(nlog h).

B NPEeAnoIoXKHUM, pa3Mep BbiMyK/IOM 000I04KK A U3BECTeH

B pasfendM 3afaHHoe MHOXEeCTBO Touek Ha n/h + 1 yactei pasmepa
He Gonee h




Anroputm YaHa

[Dpyroit anroputm 3a O(nlog h).

B NPEeAnoIoXKHUM, pa3Mep BbiMyK/IOM 000I04KK A U3BECTeH

B pasfendM 3afaHHoe MHOXEeCTBO Touek Ha n/h + 1 yactei pasmepa
He Gonee h

B HalAeM BbiNyKylo 060/04KY ANs KaXKAOH 4acTH NPU MOMOLLM
anroputma 3a O(nlogn)




Anroputm YaHa

[Dpyroit anroputm 3a O(nlog h).

B NPEeAnoIoXKHUM, pa3Mep BbiMyK/IOM 000I04KK A U3BECTeH

B pasfendM 3afaHHoe MHOXEeCTBO Touek Ha n/h + 1 yactei pasmepa
He Gonee h

B HaligeM Bbinyknylo 0600uUKY A K&XKAOW YacTH MNpW MOMOLLM
anroputma 3a O(nlogn) (ato 3aimer O(n/h)O(hlogh) = O(nlog h)
BPEMEHH)




Anroputm YaHa

[Dpyroit anroputm 3a O(nlog h).

B NPEeAnoIoXKHUM, pa3Mep BbiMyK/IOM 000I04KK A U3BECTeH

B pasfendM 3afaHHoe MHOXEeCTBO Touek Ha n/h + 1 yactei pasmepa
He Gonee h

B HalgeM BbiNnyknylo 060M04KY A1 KaXKAoW 4acTW Npu NOMOLLM
anroputma 3a O(nlogn) (ato 3aimer O(n/h)O(hlogh) = O(nlog h)
BPEMEHH)

@ vcnonb3yem anroputm [xkapsuca, 4ToObl 06beAUHUTD HaRAEHHblE
BbIMNyKJble 060I04KH



Anroputm YaHa

[Dpyroit anroputm 3a O(nlog h).

B NPEeAnoIoXKHUM, pa3Mep BbiMyK/IOM 000I04KK A U3BECTeH

B pasfendM 3afaHHoe MHOXEeCTBO Touek Ha n/h + 1 yactei pasmepa
He Gonee h

B HaligeM Bbinyknylo 0600uUKY A K&XKAOW YacTH MNpW MOMOLLM
anroputma 3a O(nlogn) (ato 3aimer O(n/h)O(hlogh) = O(nlog h)
BPEMEHH)

@ vcnonb3yem anroputm [hkapeuca, 4ToObl 06bEAUHNUTD HaHAEHHbIE
BbIMyK/ble 060104KH (A WaroB X n/h MHOTOYrofbHUKOB Ha KaXKAoM
ware x O(logh) onepauuit GuHapHoro novcka = O(nlogh))



Anroputm YaHa

Yrto penatb, ecnu Mbl He 3Haem h?




Anroputm YaHa

Yrto penatb, ecnu Mbl He 3Haem h?
t
Mepebpath h = 2%, t=0,1,2,...




Anroputm YaHa

Yrto penatb, ecnu Mbl He 3Haem h?
t
Mepebpath h = 2%, t=0,1,2,...
Torna o6Lwas BblUMCAUTENIbBHAA CNOXHOCTb

[loglog A] ﬂog log h

Z OnlogZ2 Z 0(2 O(nlogh).




QuickHull

H HalhAeMm camyio JIEBYIO U CaMylo NPaByio TOYKHU, OHU NMPUHaZNexar
BbINyK/oW 060/104Ke

B coefuHWM Mx 6a30BOM NPAMOM U PEKYPCHMBHO MOCTPOWUM BbIMYKJble
060/104KH OBYX MHOXECTB, pa3fAe/ieHHbIX 3TOM NPSAMOK




QuickHull

0 HaiJeMm camylo NIeBylO M CaMylo MpaBylo TOYKHM, OHWU MpUHaZnexar
BbINyK/oW 060/104Ke

B coefuHWM Mx 6a30BOM NPAMOM U PEKYPCHMBHO MOCTPOWUM BbIMYKJble
060/104KH OBYX MHOXECTB, pa3fAe/ieHHbIX 3TOM NPSAMOK

B HalleM TOuKy, MaKCUMasbHO yaaneHHylo oT Ba30BoM NpsMOit; oHa
TaK)Ke NPUHALIEXHT BbINyKIOH 060/104Ke




QuickHull

0 HaiJeMm camylo NIeBylO M CaMylo MpaBylo TOYKHM, OHWU MpUHaZnexar
BbINyK/oW 060/104Ke

B coefuHWM Mx 6a30BOM NPAMOM U PEKYPCHMBHO MOCTPOWUM BbIMYKJble
060/104KH OBYX MHOXECTB, pa3fAe/ieHHbIX 3TOM NPSAMOK

B HalleM TOuKy, MaKCUMasbHO yaaneHHylo oT Ba30BoM NpsMOit; oHa
TaK)Ke NPUHALIEXHT BbINyKIOH 060/104Ke

B YOANUM TOYKHM, JieXKalluMe BHYTPU MOJYHEHHOro TPeyrosbHUKa




QuickHull

0 HaiJeMm camylo NIeBylO M CaMylo MpaBylo TOYKHM, OHWU MpUHaZnexar
BbINyK/oW 060/104Ke

B coefuHWM Mx 6a30BOM NPAMOM U PEKYPCHMBHO MOCTPOWUM BbIMYKJble
060/104KH OBYX MHOXECTB, pa3fAe/ieHHbIX 3TOM NPSAMOK

B HalleM TOuKy, MaKCUMasbHO yaaneHHylo oT Ba30BoM NpsMOit; oHa
TaK)Ke NPUHALIEXHT BbINyKIOH 060/104Ke

B YOANUM TOYKHM, JieXKalluMe BHYTPU MOJYHEHHOro TPeyrosbHUKa

H peluM 3agady AN OBYX HOBbIX CTOPOH TPeyrojibHWKa PeKypCUBHO




QuickHull

0 HaiJeMm camylo NIeBylO M CaMylo MpaBylo TOYKHM, OHWU MpUHaZnexar
BbINyK/oW 060/104Ke

B coefuHWM Mx 6a30BOM NPAMOM U PEKYPCHMBHO MOCTPOWUM BbIMYKJble
060/104KH OBYX MHOXECTB, pa3fAe/ieHHbIX 3TOM NPSAMOK

B HalleM TOuKy, MaKCUMasbHO yaaneHHylo oT Ba30BoM NpsMOit; oHa
TaK)Ke NPUHALIEXHT BbINyKIOH 060/104Ke

B YOANUM TOYKHM, JieXKalluMe BHYTPU MOJYHEHHOro TPeyrosbHUKa

H peluM 3agady AN OBYX HOBbIX CTOPOH TPeyrojibHWKa PeKypCUBHO

BobiuncnurtensHas cnoxrocts O(nlogn) B cpegHem, O(n2) B XyALUEeM

cniqae.



[lobaBneHve Touek no ogHoOM

H HauyHeM C Tpex Toyek, 0OpasyloLIMX TPeyrobHHK

| 6yaem no6aBnATb TOUKU NO OfHOM

€CNIM TOYKa HaXOAMTCA CHapPY>KW BbIMYyKIOM 0D0M0OUKH, yAaIMM BCe
CTOPOHbI, KOTOPbIE BUAMT HOBas TOYKAa, U COEAMHUM TOUKY C
OCTaBLUENCS YaCTbio BbINYK/IOM 060I0UKH

BblucnuTensHas cnoxHocts O(n?).



Boinyknas obonouka 3D




Obwue dakxTbl

m Bbinyksias o6osiouka B 3D — 310 MHOrorpaHHWK




Obwue dakxTbl

m Bbinyksias o6osiouka B 3D — 310 MHOrorpaHHWK

B €ro rpaHud MOXXHO TPWaHry/JMpoBaTb, NO3TOMY Mbl Byaem paboTaTb C
MHO>KE€CTBOM TPEYroJibHUKOB




Obwue dakxTbl

m Bbinyksias o6osiouka B 3D — 310 MHOrorpaHHWK

B €ro rpaHud MOXXHO TPWaHry/JMpoBaTb, NO3TOMY Mbl Byaem paboTaTb C
MHO>KE€CTBOM TPEYroJibHUKOB

m KonuuecTBo pebep u rpareit coctasnser O(BepwuH), 3ato
cnencTeue W3 cpopmynbl Iinepa: BepwuHbl — Pebpa + pann = 2




[lobaBneHve Touek no ogHoOM

B HauHeM C TeTpasgpa




[lobaBneHve Touek no ogHoOM

@ HauHeM c TeTpasapa
| 6ynem no6aBnATb TOUKU NO OfHOM




[lobaBneHve Touek no ogHoOM

@ HauHeM c TeTpasapa
| 6ynem no6aBnATb TOUKU NO OfHOM
B OfnpefenuM TpeyrofibHble rpaHu, KOTOpbie BUAWT HOBAs TOUKa




[lobaBneHve Touek no ogHoOM

@ HauHeM c TeTpasapa

| 6ynem no6aBnATb TOUKU NO OfHOM

B OfnpefenuM TpeyrofibHble rpaHu, KOTOpbie BUAWT HOBAs TOUKa
(6yaem xpaHuTb AN KaXKAo rpaHy ypaBHEHWe NIOCKOCTH
Ax + By + Cz + D c onpepeneHHol opueHTauWen)




[lobaBneHve Touek no ogHoOM

@ HauHeM c TeTpasapa

| 6ynem no6aBnATb TOUKU NO OfHOM

onpenesiMm TPeyrosibHble rpaHK, KOTopble BUAMT HOBas TOYKa
(6yaem xpaHuTb AN KaXKAo rpaHy ypaBHEHWe NIOCKOCTH
Ax + By + Cz + D c onpepeneHHol opueHTauWen)

@ eC/M TaKUX rpaHei He CYLLECTBYET, TO TOUKa BHYTPH BbiMyK/oM
060104KH




[lobaBneHve Touek no ogHoOM

@ HauHeM c TeTpasapa

| 6ynem no6aBnATb TOUKU NO OfHOM

onpenesiMm TPeyrosibHble rpaHK, KOTopble BUAMT HOBas TOYKa
(6yaem xpaHuTb AN KaXKAo rpaHy ypaBHEHWe NIOCKOCTH
Ax + By + Cz + D c onpepeneHHol opueHTauWen)

@ eC/M TaKUX rpaHei He CYLLECTBYET, TO TOUKa BHYTPH BbiMyK/oM
060104KH

E vHaye HY>KHO YAa/IMTb HEKOTOpble rpaHu U [06aBUTh HEKOTOpbIe

HOBbl€




@ NPU yAaseHUH rpaHyi NOMETUM TPU COOTBETCTBYIOLUMX pebpa




@ NPU yAaseHUH rpaHyi NOMETUM TPU COOTBETCTBYIOLUMX pebpa

ec/im pebpo nomeyeHo ABaXK[bl, YOaJSeM ero




@ NPU yAaseHUH rpaHyi NOMETUM TPU COOTBETCTBYIOLUMX pebpa

ec/im pebpo nomeyeHo ABaXK[bl, YOaJSeM ero

B ecnv pebpo NOMeYeHO TOMbKO OfMH pa3, f0DaBUM HOBYIO
TPeyronibHylo rpaHb, 06pa3oBaHHy0 3THM PeBpPOM M HOBOMW TOYKOM




@ NPU yAaseHUH rpaHyi NOMETUM TPU COOTBETCTBYIOLUMX pebpa
ec/im pebpo nomeyeHo ABaXK[bl, YOaJSeM ero

B ecnv pebpo NOMeYeHO TOMbKO OfMH pa3, f0DaBUM HOBYIO
TPeyronibHylo rpaHb, 06pa3oBaHHy0 3THM PeBpPOM M HOBOMW TOYKOM

BbluncauTensHas cnoxHocts O(n?).




QuickHull

[1] Bbl6ep8M yeTbipe KpaﬁHMe TOYKHU U NOCTPOUM TETPpasgp




QuickHull

| BbibepeM uyeTbipe KpalH1e TOUKW U MOCTPOWM TeTpasap
H} YLa/uMM TOYKW, OKa3aBLUMecs BHYTPU TeTpasgpa




QuickHull

| BbibepeM uyeTbipe KpalH1e TOUKW U MOCTPOWM TeTpasap

B} YLa/MM TOYKMU, OKa3aBLUMECS BHYTPU TeTpasgpa

H OCTa/ibHble TOYKW pacrnpenennum Mexxay TPeyrofibHbIMU FpaHsMU,
KOTOpble OHWU MOTYT BUAETb; KaXKAYI TOYKY OTAAAWM B TOYHOCTH
OAHOM rpaHu




QuickHull

| BbibepeM uyeTbipe KpalH1e TOUKW U MOCTPOWM TeTpasap
H} YLa/uMM TOYKW, OKa3aBLUMecs BHYTPU TeTpasgpa

B OCTa/ibHble TOYKW pacnpefenum Mexay TPeyrofbHbIMW rpaHsaMHM,
KOTOpPbIE OHW MOTYT BMIETb; KaXKAylo TOYKY OTAAAMM B TOUHOCTH
OAHOM rpaHu

@ 6yaem obpabaTbiBaTb rpaHu N0 OAHOM, Y KaXKAOM rpaH1 eCTb CBOM
CMMCOK TOYeK




QuickHull

| BbibepeM uyeTbipe KpalH1e TOUKW U MOCTPOWM TeTpasap
H} YLa/uMM TOYKW, OKa3aBLUMecs BHYTPU TeTpasgpa

B OCTa/ibHble TOYKW pacnpefenum Mexay TPeyrofbHbIMW rpaHsaMHM,
KOTOpPbIE OHW MOTYT BMIETb; KaXKAylo TOYKY OTAAAMM B TOUHOCTH
OAHOM rpaHu

@ 6yaem obpabaTbiBaTb rpaHu N0 OAHOM, Y KaXKAOM rpaH1 eCTb CBOM
CMMCOK TOYeK

B HaliaeM Havbonee ymaneHHylo TOUKY B CMIMCKe rpaHu




QuickHull

| BbibepeM uyeTbipe KpalH1e TOUKW U MOCTPOWM TeTpasap
H} YLa/uMM TOYKW, OKa3aBLUMecs BHYTPU TeTpasgpa

B OCTa/ibHble TOYKW pacnpefenum Mexay TPeyrofbHbIMW rpaHsaMHM,
KOTOpPbIE OHW MOTYT BMIETb; KaXKAylo TOYKY OTAAAMM B TOUHOCTH
OfHO# rpaHy

@ 6yaem obpabaTbiBaTb rpaHu N0 OAHOM, Y KaXKAOM rpaH1 eCTb CBOM
CMUCOK ToYeK

B Halgem Hambonee yaaneHHyIo TOUKY B CIMCKE rpaHu

@ 3Ta TouKa MOXKET BWAeTb Apyrve rpaHu! yaanum Bce Takue rpaHi




QuickHull
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Bb|6epeM yeTbipe KpaﬁHMe TOYKHU U NOCTPOUM TETPpasgp

yIanMM TOYKM, OKa3aBLIMECS BHYTPW TeTpasapa

oCTasbHble TOUKW pacrnpefesiuM MexKay TPeyro/ibHbIMU rpaHaMM,
KOTOpble OHWU MOTYT BUAETb; KaXKAYI TOYKY OTAAAWM B TOYHOCTH
OfHO# rpaHy

6ynem obpabaTbiBaTh rpaHW MO OAHOM, y KaXKAoM rpaHu ecTb CBOM
CMUCOK ToYeK

Halioem Haubonee ynaneHHylo TOYKY B CMIMCKE FpaHH

3Ta ToYKa MOXKET BUAeTb Apyrve rpaHu! yaanum Bce Takue rpaHi
noMeTuM pe6pa YAaNneHHbIX rpaHeFi

ecnu pebpo nomMeyeHo ABaKAbl, yAaIUM ero

ecnu pebpo NoMeyeHo TONbKO OAMH pa3, CO3[afWM HOBYIO rpaHb,
0bpa3oBaHHyl0 3TUM peBpPOM U HOBOM TOUKOM



QuickHull
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Bb|6epeM yeTbipe KpaﬁHMe TOYKHU U NOCTPOUM TETPpasgp

yIanMM TOYKM, OKa3aBLIMECS BHYTPW TeTpasapa

oCTasbHble TOUKW pacrnpefesiuM MexKay TPeyro/ibHbIMU rpaHaMM,
KOTOpble OHWU MOTYT BUAETb; KaXKAYI TOYKY OTAAAWM B TOYHOCTH
OfHO# rpaHy

6ynem obpabaTbiBaTh rpaHW MO OAHOM, y KaXKAoM rpaHu ecTb CBOM
CMUCOK ToYeK

Halioem Haubonee ynaneHHylo TOYKY B CMIMCKE FpaHH

3Ta ToYKa MOXKET BUAeTb Apyrve rpaHu! yaanum Bce Takue rpaHi
noMeTuM pe6pa YAaNneHHbIX rpaHeFi

ecnu pebpo nomMeyeHo ABaKAbl, yAaIUM ero

ecnu pebpo NoMeyeHo TONbKO OAMH pa3, CO3[afWM HOBYIO rpaHb,
0bpa3oBaHHyl0 3TUM peBpPOM U HOBOM TOUKOM

TOUKM M3 CMUCKOB yaneHHbIX rpaHeit 4o/KHbI ObiTh
nepepacnpegefieHbl MeXay HOBbIMU FPaHSIMU WU yLaseHbl



QuickHull
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Bb|6epeM yeTbipe KpaﬁHMe TOYKHU U NOCTPOUM TETPpasgp

yIanMM TOYKM, OKa3aBLIMECS BHYTPW TeTpasapa

oCTasbHble TOUKW pacrnpefesiuM MexKay TPeyro/ibHbIMU rpaHaMM,
KOTOpble OHWU MOTYT BUAETb; KaXKAYI TOYKY OTAAAWM B TOYHOCTH
OfHO# rpaHy

6ynem obpabaTbiBaTh rpaHW MO OAHOM, y KaXKAoM rpaHu ecTb CBOM
CMUCOK ToYeK

Halioem Haubonee ynaneHHylo TOYKY B CMIMCKE FpaHH

3Ta ToYKa MOXKET BUAeTb Apyrve rpaHu! yaanum Bce Takue rpaHi
noMeTuM pe6pa YAaNneHHbIX rpaHeFi

ecnu pebpo nomMeyeHo ABaKAbl, yAaIUM ero

ecnu pebpo NoMeyeHo TONbKO OAMH pa3, CO3[afWM HOBYIO rpaHb,
0bpa3oBaHHyl0 3TUM peBpPOM U HOBOM TOUKOM

TOUKM M3 CMUCKOB yaneHHbIX rpaHeit 4o/KHbI ObiTh
nepepacnpegefieHbl MeXay HOBbIMU FPaHSIMU WU yLaseHbl

BbluncauTensHas cnoxHocts O(n?) B xyawem cnyyae, O(nlogn) B
cpeaHemM.



Anroputm [I>xapsuca

| Halgem CTapToBYylO rpaHb




Anroputm [I>xapsuca

| Halgem CTapToBYylO rpaHb
B obpabotaem ee pebpa




Anroputm [I>xapsuca

| Halgem CTapToBYylO rpaHb
B obpabotaem ee pebpa
B pebpo obpasyeT NNOCKOCTb C KaXKAOW U3 OCTaBLUMXCSA TOYEK




Anroputm [I>xapsuca

| Halgem CTapToBYylO rpaHb

B obpabotaem ee pebpa

B pebpo obpasyeT NNOCKOCTb C KaXKAOW U3 OCTaBLUMXCSA TOYEK

@ BbibepeM TOUKY, A1 KOTOPOM Yrosi MeXAy 3TOH MIOCKOCTbIO U
paccMaTp1BaeMoi B AaHHbli MOMEHT rpaHblo BbINyKIoKH 060N04HKH

MaKCuManeH




Anroputm [I>xapsuca

| Halgem CTapToBYylO rpaHb

B obpabotaem ee pebpa

B pebpo obpasyeT NNOCKOCTb C KaXKAOW U3 OCTaBLUMXCSA TOYEK

@ BbibepeM TOUKY, A1 KOTOPOM Yrosi MeXAy 3TOH MIOCKOCTbIO U
paccMaTp1BaeMoi B AaHHbli MOMEHT rpaHblo BbINyKIoKH 060N04HKH

MaKcUMasieH
B no6aBMM HOBYIO rpaHb U NPOAOIKMM 0bpabaTbiBaTh rpaH4 B
nopsigke obxopa B rnybuHy nan o6xona B LUMPUHY




Anroputm [I>xapsuca

| Halgem CTapToBYylO rpaHb

B obpabotaem ee pebpa

B pebpo obpasyeT NNOCKOCTb C KaXKAOW U3 OCTaBLUMXCSA TOYEK

@ BbibepeM TOUKY, A1 KOTOPOM Yrosi MeXAy 3TOH MIOCKOCTbIO U
paccMaTp1BaeMoi B AaHHbli MOMEHT rpaHblo BbINyKIoKH 060N04HKH
MaKcumasneH

B no6aBMM HOBYIO rpaHb U NPOAOIKMM 0bpabaTbiBaTh rpaH4 B
nopsigke obxopa B rnybuHy nan o6xona B LUMPUHY

BbluncautenbHas cnoxHocts anroputma O(nh).




«Pasgensai v Bnacteyi» (anroputm lNpenapatbl)

PabotaeT no ToMy e NpUHLMMY, 4TO W «pa3aensi v BnacTeyi» B 2D.
OCHOBHOW BOMPOC COCTOWUT B TOM, Kak 06befUHWTb [1Ba MHOrorpaHHuKa
3a Bpems O(n)?







H NOCTPOWMM MPOEKLMM MHOFOrPaHHWKOB Ha MJIOCKOCTb U Hangem
CTapTOBbIM OTPE30K «LHUAUHAPa»




H NOCTPOWMM MPOEKLMM MHOFOrPaHHWKOB Ha MJIOCKOCTb U Hangem
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| nepebepeM TpeyroibHUKKW, 0Opa3oBaHHbIE TEKYLLMM OTPE3KOM M
«KaHOMOATaMWU» U3 YMCNa ToUYEK 0BOUX MHOrOrPaHHWKOB
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CTapTOBbIM OTPE30K «LHUAUHAPa»

| nepebepeM TpeyroibHUKKW, 0Opa3oBaHHbIE TEKYLLMM OTPE3KOM M
«KaHOMOATaMWU» U3 YMCNa ToUYEK 0BOUX MHOrOrPaHHWKOB

B KaX[OblM «KaHauaaT» posmkeH 6biTb coeguHeH pebpom ¢ ogHUM K3

KOHLOB TeKyllero otpeska




H NOCTPOWMM MPOEKLMM MHOFOrPaHHWKOB Ha MJIOCKOCTb U Hangem
CTapTOBbIM OTPE30K «LHUAUHAPa»

| nepebepeM TpeyroibHUKKW, 0Opa3oBaHHbIE TEKYLLMM OTPE3KOM M
«KaHOMOATaMWU» U3 YMCNa ToUYEK 0BOUX MHOrOrPaHHWKOB

B KaX[OblM «KaHauaaT» posmkeH 6biTb coeguHeH pebpom ¢ ogHUM K3
KOHLIOB TEKYLLEero oTpeska

@ BbibepeM MAocKocTb, 0bpasytowyio HauboNbLKi YroN ¢ nociegHen
NOCTPOEHHOM rpaHbio «LUAUHAPA»




«Pasgensai v Bnaecteyi» (anroputm lNpenapatbi)

Preparata F.P., Hong J.S. Convex Hulls of Finite Sets of Points in Two
and Three Dimensions. Communications of the ACM, Volume 20, Issue
2, Feb. 1977, Pages 87-93.

BbluncautenbHas cnoxxHocts anroputma O(nlogn).




«Pasgensai v Bnaecteyi» (anroputm lNpenapatbi)

Preparata F.P., Hong J.S. Convex Hulls of Finite Sets of Points in Two
and Three Dimensions. Communications of the ACM, Volume 20, Issue
2, Feb. 1977, Pages 87-93.

BbluncautenbHas cnoxxHocts anroputma O(nlogn).

Ucnonbays atot anroputm, YaH npegnoxun anroputm 3a O(nlogh) B
3D.

Chan T.M. Optimal Output-Sensitive Convex Hull Algorithms in Two and
Three dimensions. Discrete Comput. Geom. 16: 361-368 (1996).
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